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Abstract 

' We show how the scalar field, a candidate of quintessence, in a proposed model of the 

' scalar-tensor theories of gravity provides a way to understand a small but nonzero 

. cosmological constant as indicated by recent observations. A particular emphasis is 

(N ■ placed on the effort to inherit the success of the scenario of a decaying cosmological 

, constant. Discussions of a possible link to non-Newtonian gravity, the coincidence 

D ■ problem, the issue of time-variability of coupling constants as well as the chaos-like 

' nature of the solution are also included in a new perspective. 



(N 

> 



I Introduction 



For the last few years we have heard much about indications, coming from such observations like age 
problem, large-scale structure, lens statistics and type la supernovae, for the presence of a small but 
If) [ nonzero cosmological constant. The expected size is measured in units of the parameter = A/pcrit, 

C3 ' with the most favored number somewhere around 0.6 — 0.7 0|. 

I Acceptance of the conclusion from a theoretical point of view is limited, however, because A has 

■ been considered to be highly artificial, unnatural and arbitrary. Alternative ideas have been discussed to 
I produce nearly the same end result. One of the key observations is that in the language of ideal fluid in 

cosmology, introducing A is equivalent to assuming an equation of state, p = —p. This aspect of negative 
pressure is what one can implement in terms of a scalar field that couples to ordinary matter roughly as 
weakly as gravity. 

^j-jl The study of this type of a "gravitational scalar field" has a long history Recently, Chiba 

et al. presented a detailed analysis showing how the assumed negative pressure can be compared with 
observations They did not confine themselves to a scalar field, calling it X-matter. Caldwell et al. 

■ were the first to use a new name "quintessence," as the fifth element of the universe in addition to the 
I four; baryons, radiation, dark matter and neutrinos They focussed more on the scalar field, discussing 

what the potential of the field should be like in order to fit the observations. An inverse-power potential 
is preferred over the exponential potential, for example. 

We complain, however, that many of the analyses are too much phenomenology-oriented We are 
talking about A which has been much discussed, often under such a grandeur name like the "cosmological 
constant problem," at the center of which lies a question why the observed value or its upper bound is 
so small compared with what we expect naturally from a theoretical point of view, by as much as 120 
orders of magnitude |^] . 

In this connection we remind the audience that some progress has been achieved in terms of scalar- 
tensor theories. We believe that these theories are promising because they might have important aspects 
shared by attempts toward unified theories, and also because they provide the simplest derivation of an 
exponential potential of the scalar field, allowing us to implement the "scenario of a decaying cosmological 



constant" |10|. According to this scenario, we find A not to be a true constant, but to decay like 
A(t) ^ t^^. In the (reduced) Planckian unit system of c = h = 8ttG = Mp^ = 1, the present age of 
the universe, to ~ 10^°y is about 10^°, hence giving A{to) ^ 10^^^°; today's cosmological constant is 
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small only because our universe is old, not because of an unnatural fine-tuning of the parameters to the 
accuracy of 120 orders of magnitude. 

This "success," however, is not good enough for understanding the accelerated universe as suggested 
by the recent observations, which indicates A(t) that behaves nearly constant for some duration of time 
toward the present epoch, or at least falling off more slowly than ^ t^^. This requires a deviation from 
the purely exponential potential, though without losing its advantage of implementing the scenario of 
a decaying A(t). Proposed modification of the prototype Brans-Dicke (BD) model will be presented in 
Section V, which will be preceded, however, by Sections II-IV. In Section II, we show that the prototype 
BD model with A added entails a serious drawback. A remedy is proposed in Section III. A possible link 
to non-Newtonian gravity is suggested in Section IV. Section VI is for discussion including the issue of 
time-variation of coupling constants, the novel view on the coincidence problem, the expected chaos-like 
nature of the solution, and possible extensions of the model. 

The present article is based on the talks intended to outline basic ideas and main conclusions of Refs. 
IWl, in which more details and references will be fovmd. 



II Prototype BD model with A 

We start with the Lagrangian [O] 



£bd = ^/^ ( ^0'^ - el-g'^'^d^cj^d^cj) - A + L„,attcr) , (1) 



where we use symbols similar to but slightly different from the original ones ; 

4^^ = e = Sign(w), </7BD = (C/2)0^ 

We use the reduced Planckian unit system, in which A is naturally expected to be of the order unity, as 
suggested in many of theoretical models of unification. 

An important assumption is made that the scalar field is decoupled from ordinary matter fields at the 
level of the Lagrangian. This feature distinguishes the prototype BD model |^ from the preceding model 
due to Jordan ||]. In the field equation, however, we find that the scalar field docs couple to the trace 
of the matter energy-momentum tensor. This is due to the mixing interaction between the scalar field 
and the spinless component of the metric tensor implied by the nonminimal coupling term. The scalar 
field couples to matter only via the metric field. This explains why the scalar field in this model respects 
Weak Equivalence Principle (WEP) which is a privilege of the force endowed with spacetime geometry. 

Conformal transformations defined by 

9,11^ 9*tiu = ^'^{x)g^u, (2) 

always provide a powerful tool in analyzing theories with a nonminimal coupling, like the first term on 
the right-hand side of (|l|). Of particular importance is the choice 

n = (3) 

by which we eliminate the nonminimal coupling. In fact the same Lagrangian (|l|) can be put into the 
form 

:bd = [\r* - Igrd^.ud^a - V{a) + i*„,attcr ) , (4) 
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in which the term of the curvature scalar is the standard Einstein-Hilbert (EH) term, and the canonical 
scalar field is now a related to the original (/) by 

= r^/v^ (5) 

where 

r' = 6 + er^ (6) 



2 



We assume that the right-hand side is positive; 

> -6. (7) 
Notice also that the term of A acts now as an exponential potential as alluded before; 

V(a) = An-^ = Ke-^^". (8) 

We say that we have moved from the original Jordan conformal frame, abbreviated by J frame, to 
Einstein (E) frame. Generally speaking, quantities in different conformal frames (CFs) are related to each 
other in an unambiguous manner. For this reason different CFs are sometimes called to be equivalent 
to each other. Physics may look different, however. Then a question may arise how we can single out 
a particular CF out of (infinitely many) CFs. We do it according to what clock or meter stick we use. 
Remember that represents a local change of units , as will be evident if it is put into the form 
dsl ~ n^{x)ds^. These features will be demonstrated later by explicit examples. 

Let us choose E frame for convenience of mathematical analysis, for the moment. Consider spatially 
flat Robertson- Walker cosmology. Looking for the solution in which the scalar field is spatially uniform, 
we find analytic solution; 

a,{t,) = tl'^, (9) 
= d + C^]-\nU, (10) 



2 

a' 



.{u) = (i-lr^V*"'x| (11) 



pM = i;'x j f ' (12) 
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(-1 + C-) 



where is the cosmic time in E frame, pm* is the ordinary matter density, while = (t^/2 + V{a) may 
be interpreted as an effective cosmological constant Acff . The upper and lower lines in ( pi] ) and (|l^) are 
for the radiation- and dust-dominated universe, respectively. We first notice that (|l^) shows that the 
Aeff decays like t^^, thus implementing the scenario of a decaying cosmological constant. 

The solution (|)-(^, which is in fact an attractor reached asymptotically, differs in many ways from 
the one obtained from the equation without A. For example, (^) for the scale factor holds true not only 
for radiation-dominance but also for dust-dominance; the exponent for dust dominance without A is given 
by 2/(3 + 2(2) which is close to 2/3 if < 1. 

More important is, however, that particle masses depend on cr, and hence on time. The mass term of 
the quark, for example, is given by 

^mq = -y^moqq, (13) 

with a constant mo, due to the assumed absence of 4> in the matter Lagrangian. In E frame, however, we 
have 

Cmq = -~\/-g*m^q^q^, (14) 

with ~ il^^/^g, while 

m, = moD.^^ = niQe^^'^ ^ , (15) 
where we have used ( p^ ) to derive the last expression in (|l^) . 



If we consider the period of primordial nucleosynthesis, for example, (15) would imply the decrease 
of nucleon mass, say, as much as ~ 70%. This is unacceptable because the physical processes are 
analyzed in terms of quantum mechanics in which particle masses are taken as constant. The physical 
CF corresponding to this situation is J frame. We should then study the solution in J frame. 

We may restart with the cosmological equations in J frame. There is, however, another interesting 
approach by using the relations 

dt^ = ndt, (16) 
a* — fla (17) 
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which can be obtained directly from (||). Combining ^ ^ obtained from (||), (||) and (|lO|), we 
derive 

a — const, (18) 

implying that the universe looks static in J frame. This can be understood even in E frame by noting 
that a* and grow in the same way ^ t^^, and that assuming time-independent mass is equivalent 
to choosing the inverse mass as the time unit. 

We have a dilemma; varying mass in E frame and static scale factor in J frame. We admit that 
the conclusion is not final, because we assumed the simplest nonminimal coupling term and a purely 
constant A in J frame. These can be modified. More detailed study shows, however, that we must 
accept rather extreme choices of parameters. We would find it increasingly difficult and unnatural to 
understand why the simple standard cosmology works so well. It seems better to modify the model at 
the more fundamental level, still based on simple physical principles. 



Ill Dilaton model 

In view of which happens to coincide with the standard result for the radiation-dominated universe, 
we try to see if we can have a constant mass in E frame instead of J frame. Let us assume the E frame 
mass term, 

C-mq = -^-g*mq^q^q^, (19) 
where is chosen to be constant. This can be transformed back to J frame; 

^mq = ~V^£,^^^mgfqq(t), (20) 

a simple Yukawa interaction, with the coupling constant ^^/^mg-j- which is in fact dimcnsionless as will 
be confirmed by re-installing AIp^ . We have no mass term in the starting Lagrangian. The nonminimal 
coupling implies that we have no dimensional gravitational constant either. For this reason we have scale 
invariance, or dilatation symmetry, which might be chosen as a simple physical principle we mentioned 
above. We have a conserved dilatation current in J frame. The presence of mass term ( [l9| ) and the EH 
term in E frame suggests that dilatation symmetry is broken spontaneously with a a massless Nambu- 
Goldstone boson, called a dilaton. 

Allowing (j) to be present in the J frame Lagrangian implies that WEP is violated. We still maintain 
Equivalence Principle at the more fundamental level as stated that tangential space of curved spacetime 
be Minkowskian. Breaking WEP as a phenomenological law can be tolerated within the limit allowed 
by the fifth- force type experiments [|l^. We have now E frame as a physical CF in which we develop 
radiation-dominated cosmology showing standard result with constant particle masses. The scalar field 
is left decoupled from ordinary matter in E frame. This simple situation changes, however, once we take 
the effect of interaction among matter fields into account. 

Consider the quark-gluon interaction, for example. Calculation based on relativistic quantum field 
theory suffers always from divergences. To put this under control we use the recipe of dimensional regu- 
larization. We start with spacetime dimension N which we choose off the physical value 4. Divergences 
can be represented by poles ~ {N — 4)^^ if we confine ourselves to 1-loop diagrams for the moment. 
After applying renormalization techniques with N 4, we finally go to the limit iV = 4 at the end of 
the calculation. We now observe that the scalar field is decoupled from matter only at = 4. In other 
words, we have the coupling proportional to A^ — 4 which may cancel the pole coming from divergences, 
thus leaving a nonzero finite result. This is a typical way we obtain "quantum anomalies," which play 
important roles in particle physics. In the same way, we are left with nonzero matter coupling of the 
scalar field in general. 

The QCD calculation yields 

where 

C, = C— « 0.3C, (22) 
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with as ~ 0.2 is the QCD counterpart of the fine-structure constant. The occurrence of which is 
specific to the quark imphes composition-dependence of the force mediated by cr, in accordance with 
violation of WEP, as discussed before. 

For more-loop diagrams we obtain terms of higher power of a. Combined with the mass term (|l^, 
these coupling terms will give cr-dependent mass, as before. We will show, however, that the dependence 
might be reasonably weaker than in the prototype model. Consider a nucleon which constitutes a major 
component of the real world, but is composite to make the same calculation as to the quark not applicable. 
In view of a rather small content of the quark mass contribution 60MeV) jl^ out of the total nucleon 
mass ~ 940MeV, we estimate an effective coupling strength of the nucleon; 

« 0.02C. (23) 

The smallness oi (n / ( <^ 1 seems to justify E frame as a physical CF to a good approximation, although 
strictly speaking we should move to anther CF in which the nucleon mass is truly constant. By this process 
(j) reappears in front of scalar curvature, thus making the gravitational constant time-dependent. The 
predicted rate of change based on ( p3| ) is G/G ~ lO^^^y^^, in roughly consistent with the observational 
upper bound obtained so far p8| . 

We also find that the exponent of the scale factor in the dust-dominated universe is given by 

where C is an average of C's for particles that comprise dust matter. In this way we are in a better status 
compared with the model discussed in Section II. 

We also add that scale invariance is broken explicitly finally when the quantum effect is included, a 
is now a pseudo NG boson which acquires a nonzero mass. This seems to raise a tempting possibility 
that a provides yet another origin of non-Newtonian gravity ||l9| , as will be further pursued. 



IV Non-Newtonian gravity 

We decompose a into the cosmological background part and the locally fiuctuating component; 

aix) = (7b{U) +(Tf{x). (25) 

Substituting this into (|l]) yields the matter coupling of each component. 

Consider the (T/-coupling. A 1-quark-loop diagram will give a self-mass /z/ basically given by 

fi} ~ m%Ml„ (26) 

where we assumed the cut-off energy of the order of M^,sb, the mass scale of supersymmetry breaking. We 
use the values m*, ~ 5MeV and M^,sb ~ ITeV, which are ^ 2 x 10~^^ and ~ 4 x 10~^^, respectively in the 
reduced Planckian unit system, obtaining /i/ ~ 0.84 x 10^"^^ ^ 2.1 x lO^^eV, and the corresponding force- 
range A = /i^^ ~ 1.2 X lO'^^ = 9.6 X lO'^cm « 100m. This turns out to be a macroscopic size considered 
typically as the force-range of non-Newtonian gravity |^ , though obviously latitudes of several orders 
of magnitude should be allowed. 

On the other hand, it has been argued that the force of a should be of long-range j|] . A simple estimate 
of this kind can be obtained by considering a component of the Einstein equation = Pa- + Pm* ■ The 
left-hand side would be ^ t~^, giving pc, ^ V ^ t^^. We may also expect that the mass-squared will 
be given by /i^ ~ V" ^ V. Combining these we reach a conclusion A ~ which is the size of the whole 
visible universe, in sharp contrast with the previous estimate. 

In this connection we point out that the latter argument applies to (Th, a classical solution of a nonlinear 
equation, while /x^ in the former is a squared mass of a quantized field, which is based on the solution of 
a linear harmonic oscillator. These two can be simply different from each other. An example is provided 
by the sine-Gordon equation in 2 dimensions, featuring a quantized mesonic excitation and the classical 
soliton solution, which show behaviors entirely different from each other [El| . 
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We do not know if the 2-dimensional model provides an appropriate analogy, nor if our cosmological 
equations in 4 dimensions allow a soliton-type solution. Nevertheless the lesson learned from this example 
seems highly suggestive. Without any further details at this moment, we offer a conjecture that ct/ 
mediates an intermediate-range force between local objects, with ab still rolling down the exponential 
slope slowly. 

We also point out that ai, may also acquire self-energy through its own matter coupling. As it turns 
out, this amounts to be part of the vacuum energy of matter fields. In the sense of quantum field theory, 
this contribution is given roughly by ^ Af^gb which provides another origin of the cosmological constant 
with the size represented by f^A as large as ~ 10^°. Since AUsb depends on a, wc would have the potential 
too large by the same amount. The same "success" for the contribution from A in the J frame Lagrangian 
dose not seem expected. An entirely different mechanism based perhaps on nonlinearly or topological 
nature is called for. If a solution is discovered finally, however, we would be likely left with non-Newtonian 
gravity featuring finite force-range and WEP violation. Quintessence might be quintessentially a fifth 
force. 

The phenomenological aspects of this putative force have been analyzed in terms of the static potential 
between two nuclei; 

1^5..W = -^^(l + a5..e-^/^). (27) 
The size of the coefficient a^at is given essentially by 

asab - a5N = 2Cjj - 10-^ (28) 



where the estimate at the far right-side is based on (^3|) together with C ^ 1 assumed. Given the 
experimental constraints , we are on the verge of immediate exclusion, though it might be premature 
to draw a final conclusion before more detailed analyses are completed on various kinds of uncertainties. 



V Two-scalar model 

We now discuss how the exponential potential should be modified to understand an accelerated universe. 
We start with a clue which we find in a transient solution for the exponential potential. 

Suppose cr(i*)(= (Tfc) starts moving ahead even slightly. The potential will decrease rapidly, and then 
the frictional force coming from the cosmological expansion will decelerate a until it comes to an almost 
complete stop, pa- will fall off much faster than pm* to reach a near constant. This state lasts until pm* 
comes down to be comparable again with p^ when the system enters the asymptotic phase, described by 
(Pl)-(p^). The plateau of p^ thus formed is expected to mimic a cosmological constant. 

Detailed numerical simulation shows, however, that a starts moving again toward the asymptotic 
behavior a little too early, before crosses pm*- Remember that this crossing, if it occurred, would 
have implied = 0.5. As a consequence JIa would reach short of values as "large" as 0.6-0.7. We must 
invent a mechanism to prevent this premature departure of a. 

After somewhat random effort on a try-and-error basis, we came across a proposal p^ . We introduce 
another scalar field <i> which couples to a through the E frame potential, 

V{(J, $) = e-^^" (^A + im2$2 [1 + ^ sin(KCT)]^ , (29) 

as shown graphically in Fig. ^ where m, 7 and k are constants roughly of the order unity. Wc will study 
the consequences simply for the success, without any discussion on the theoretical origin, at this moment. 
In Fig. ^, we show an example of the solution in which quantities are plotted against u = log . 

We notice that a and $ in the upper diagram show alternate occurrence of rapid changes and near 
standstills. Corresponding to this we find plateau behaviors of ps, the energy density of the cr — $ system, 
in the lower diagram. There are two of them in this particular example. In both of them ps crosses Pm*, 
resulting in sufficient acceleration of the scale factor, as clearly recognized as two mini-inflations in the 
upper and middle diagrams. 

We moderately fine-tuned initial values and parameters such that the second mini-infiation takes place 
around the present epoch, u « 60. It is rather easy to "predict" values like i*o = (1-1 ~ 1-4) x lO^^y, 
flA = 0.6 — 0.8 and h = 0.6 — 0.8, with more details described in Ref. |13|. 
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We provide an intuitive explanation briefly on how we understand this result. The decelerated a 
settles at a place which is determined only by the "initial" values, quite independent of where it is with 
respect to the sinusoidal potential which had sunk so much. As the time elapses, the potential grows 
in terms of the strength relative to the frictional force. It may happen that a finds itself near one of 
the minima of the sinusoidal potential, a is then trapped, tighter and tighter, as the potential strength 
proportional to $^ builds up again in the relative sense as above. This serves to prevent a from escaping 
too early, and consequently to have the plateau behavior to last sufficiently long. The growing potential 
implies, however, that also <i> is attracted toward the central valley <i> = stronger and stronger. Finally 
the time will come when $ starts moving downward. This entails a sudden collapse of the potential 
wall that has confined a. With the accumulated energy cr is catapulted forward. See Fig. || showing 
a magnified view of this behavior. In short this "trap-and-catapult mechanism" is a result of a superb 
collaboration of the two scalar fields. 

The decelerated a may find itself again near a potential minima. Then nearly the same pattern of the 
behavior will repeat itself, as in the above example. Otherwise, a and $ will make a smooth transition 
to the asymptotic phase, as in the model without (f>. No mini-inflation and hence no extra acceleration 
take place. There are many different combinations of these typical behaviors. 

VI Discussion 

Our argument in Section IV for a possible link to non- Newtonian gravity will remain unchanged for a 
even in the two-scalar model. Experimental searches for the non-Newtonian force with improved accuracy 
are strongly encouraged. On the other hand, $ will most likely stay extremely massive leaving virtually 
no trace in the macroscopic physics. 

In Fig. 1^ we find and pm* fall off interlacing each other, maintaining the dependence ^ t^^ as an 
overall behavior. In this way we inherit the scenario of a decaying cosmological constant, unlike many 
other models of quintessence. 

We have not attempted to determine the parameters and initial values uniquely. We add some 
remarks, however. They should be determined such that a plateau behavior has lasted long enough to 
cover the present epoch and the period of nucleosynthesis, as shown in Fig. ^. By requiring this we can 
guarantee that particle masses must have been the same as today, also keeping the period well in the 
radiation-dominated epoch. There is a wide area in parameter space where this is not the case, thus 
endangering one of the most successful part of standard cosmology. 

Some of the coupling constants, including G, may depend on time probably through its dependence 
on scalar fields. Assuming that we are today during the period of a plateau behavior entails no time 
variability of the coupling constants, or below the level of t~Q « 10~^'^y~^ by perhaps several orders 
of magnitude, apparently in good agreement with the upper bounds obtained so far |23| . The previous 
argument on G /G in Section III no longer applies to the epochs during a plateau period. 

Given the required long plateau behavior, one may wonder if the modification of the model proposed 
in Sections II-III loses its ground. No need is present to distinguish CFs from each other during a plateau 
behavior. The argument still holds true, however, for epochs much earlier than nucleosynthesis. We must 
avoid concluding a contracting universe, for example, at very early epochs pH |. 

Suppose we are really witnessing an extra acceleration of the universe. Suppose also this is due to a 
fixed constant A. It then follows that we are in a truly remarkable, special once-for-all era throughout 
the whole history of the universe. Taking aside a special version of the Anthropic Principle, this should 
be too arrogant a view, a way of representation of the coincidence problem. From the point of view of 
the two-scalar model, on the other hand, we are looking at only one of the repeated events. We still face 
the coincidence problem but certainly to a lesser degree. 



We can show that the analytic solution (|9|)-(|l2|) supplemented with $ = is still an asymptotic 
solution. Before reaching this fixed-point attractor, however, there can be many different types of transient 
behaviors, depending sensitively on the initial values. In particular we have many different possibilities 
with respect to the number showing how many plateau behaviors we experience before the solution 
finally enters the asymptotic phase. This number, and hence the qualitative characteristics of the solution 
changes suddenly as an initial value changes smoothly. This reminds us of the well-known chaotic behavior 
in nonlinear dynamics. We remind readers that two scalar fields have four degrees of freedom beyond the 
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smallest value three for the system possibly to be chaotic [gj] . The presence of the fixed-point attractor 
rather than the strange attractor in phase space, however, implies that the behavior is not genuinely 
chaotic, but only chaos-like. The dependence on initial values and parameters is still so sensitive that 
the system seems to deserve further scrutiny. It may provide a new example of dissipative structure. 

In this sense we are leaving the traditional view that the universe we see now should depend as little 
as possible on initial values. Nothing seems seriously wrong if, on the contrary, today's universe is, like 
many other phenomena in nature around us, still in a transient state of evolution depending strongly on 
what the universe was like at very early times . 

We finally add a comment on a possible extension of the model. ^ The starting Lagrangian in J frame 
may be thought of as the theoretical one obtained by the process of dimensional reduction from the still 
more fundamental Lagrangian perhaps in higher dimensions. It is then likely that A is multiplied by a 
monomial of (j). This provides a possible extension of the simplest model considered so far. As we find, we 
still reach an exponential potential with ^ in (|[) replaced by another factor depending on the exponent of 
the monomial. This suggests that the analyses carried out here can be applied to more general models. 
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Figure 2: An example of the solution. Upper diagram: 6 = Ina* (dotted), a (solid) and 2$ (dashed) 

arc plotted against logf*. The present epoch corresponds to logt, = 60.1 — 60.2, while the primordial 
nucleosynthesis must have taken place at logi* ~ 45. The parameters are A = 1,C = 1-5823, m = 
4.75,7 = 0.8, K = 10, Cd = 0.002. The initial values at ii* = 10^° are cti = 6.7544, trj = (a prime 
implies differentiation with respect to r = lnt*),$i = 0.21, ^'^ = -0.005, pirad = 3.7352 x 10^^'^, pidust = 
4.0 X lO""*^. The dashed-dotted straight line represents the asymptote of a given by t/{2Q). Notice 
long plateaus of a and and their rapid changes during relatively "short" periods. Middle diagram: 
a,, = h' = t^H,: for an effective exponent in the local power-law expansion a* ^ t"* of the imiverse. 
Notable leveling-offs can be seen for 0.333, 0.5 and 0.667 corresponding to the epochs dominated by the 
kinetic terms of the scalar fields, the radiation-matter and the dust-matter, respectively. Lower diagram: 
log ps (solid) , the total energy density of the cr — $ system, and log pm* (dashed) , the matter energy 
density. Notice an interlacing pattern of ps and Pm*, still obeying ~ t~'^ as an overall behavior. Nearly 
flat plateaus of ps precede before pg crosses pm^i^i hence with passing through 0.5. 
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Figure 3: Magnified view of a (solid) and 0.02$+44.25 (dashed) in the upper diagram of Fig. & Note that 
the vertical scale has been expanded by approximately 330 times as large compared with Fig. ^ With the 
time variable r = Inf,, the potential V grows relatively to the frictional force as the multiplying factor 
t1 = e^'^. The potential wall for a becomes increasingly steeper, thus confining a further to the bottom 
of the potential, as noticed by an oscillatory behavior of a with ever increasing frequency measured in r. 
(In this particular example, a was trapped finally long after it had been decelerated to settle near one 
of the maxima of the potential.) The growing V causes $ eventually to fall downward, resulting in the 
collapse of the confining potential wall. The stored energy is then released to unleash a. 
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